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CHARACTERISTICS THE SOLITARY WAVE 


JAMES Assoc. ASCE, AND 
SAMUEL STEPHAN, JUN. ASCE 


The existence the solitary wave was first reported Scott Russell 
1838. This wave consists single elevation that seems propagated 
constant velocity and unaltered form. The solitary wave has assumed 
importance because the occurrence under variety natural 
solitary-like waves whose behavior apparently approximates that the 
solitary wave. This similarity suggests the possibility predicting the effects 
these waves through knowledge the characteristics the solitary wave. 
For the purpose such predictions, there available fund theoretical 
treatments with some experimental confirmation, mostly based very early 
investigations. There has been some renewed interest checking experimen- 
tally the preciseness the theory: describe certain the characteristics, and 
program research has been undertaken the Massachusetts Institute 
Technology, Cambridge, Mass. The purpose this paper describe the 
solitary wave and the range its occurrence and summarize its theoretically 
determined characteristics and the status their experimental verification. 


DESCRIPTION THE SOLITARY WAVE 


Gravity waves can broadly classified either oscillatory translatory. 
Oscillatory waves are periodic character, imparting the liquid undu- 
lating motion with both horizontal and vertical components without causing 
appreciable permanent displacement. waves, the contrary, 
cause net displacement (translation) the liquid the direction the wave 
motion. Oscillatory waves may occur either relatively deep water affecting 
only the liquid near the surface, relatively shallow water affecting the 
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liquid over the full depth. characteristic translatory waves that the 
fluid set motion over the full depth (with nearly constant velocity over any 
cross section any instant). Thus translatory waves are, relatively speaking, 
shallow water waves. Oscillatory waves can created periodic disturb- 
ance; translatory waves sudden permanent displacement (addition 
subtraction) mass liquid. 

The solitary wave translation wave. Included this classification are 
tidal waves, seismic waves, bore waves and other channel surges, and flood 
waves. these several types wave occurs under different circum- 
stances and propagated with different characteristics, depending the 
tive importance the gravity, friction, and inertia forces. For the flood wave, 
friction predominant controlling the motion. Tidal wave motion 
essentially irrotational, with frictional damping producing only secondary 
effect. Solitary wave motion also essentially irrotational. Between these 
extremes, the several intermediate types form continuous transition. 

Translation waves finite height amplitude are general propagated 
with celerity that depends height and with wave form that changes with 
time. This continuous deformation the wave form independent any 
simultaneous effect friction 
absorbing energy and changing the 
form. The solitary wave ex- 
wave permanent form and con- 
stant celerity long friction 
effects can ignored. consists 
single elevation liquid above 

Wave the level the originally 

surface, asshownin Theo- 

retically, the wave extends infinity either side the crest, but practically 

its length limited. passing wave accelerates the liquid from zero 

maximum velocity the crest passes and then allows deceleration zero 

again, causing horizontal displacement amount proportional the 

wave volume. The major portion the wave energy concentrated within 
narrow zone straddling the crest. 

Although the shape and other characteristics oscillatory waves depend 
wave length (the distance between two crests) well the wave height and the 
liquid depth,* the solitary wave characteristics are described completely the 
wave height and liquid depth. 


RANGE APPLICATION SOLITARY WAVE CHARACTERISTICS 


Scott was responsible for calling attention the solitary wave, 
1838, and for making the first investigations its characteristics during the 
period from 1838 1845. observed that acceleration deceleration 
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ships navigation channels sometimes set wave with solitary crest that 
then traversed the length the channel, essentially unaltered form and 
constant velocity propagation. also observed that tidal waves behaved 
similarly traversing the channels. The field observations were supple- 
mented with laboratory experiments that were undertaken primarily conse- 
quence interest waves affecting navigation, although broader sig- 
nificance was recognized the time. 

the following fifty years, the solitary wave was the subject considerable 
academic interest and theoretical study, with some additional experimental re- 
search. Then interest lagged until the growing concern over beach erosion and 
other shore-line problems, flood routing, and wave action navigation inlets 
the application the accumulated theoretical results several practical 
problems. 

Aside from the more obvious cases, such tidal waves artificially produced 
solitary crests traversing channel, river, canal, perhaps the most interesting 
application knowledge solitary wave characteristics the approximation 
the behavior waves long wave length relatively shallow 
water. oscillatory waves enter into shallow water, the crest increases 
height and curvature, the trough becomes flatter, and the behavior the indivi- 
dual crests becomes nearly independent the wave length. This independence, 
well observed physical similarity between the resulting crest and the 
solitary wave crest, led the application the characteristics the solitary 
wave the transformation and breaking waves shallow water, the rise 
the sea surface accompanying high surf, the refraction waves, the establish- 
ment lengshore currents, and the transport sand the surf zone. Walter 
has summarized the procedures and progress made along these lines. 


CHARACTERISTICS THE SOLITARY 


The key characteristics the solitary wave are the wave celerity, wave form, 
and liquid particle velocities. With these known, the wave volume, wave 
energy, and amount displacement liquid can determined functions 
depth and the ratio amplitude depth. addition the manner 
energy loss through friction important consideration. 

All theoretical solutions for the behavior the solitary wave are based 
the common conditions irrotational two-dimensional motion liquid that 
satisfies the following boundary conditions: (1) The wave form permanent; 
(2) the pressure over the free surface constant; (3) the motion vanishes 
infinity both and (4) the vertical motion vanishes the channel 
bottom. Using the dynamical equations motion, the velocity potential 
function can expressed infinite series. theories differ 
the type series employed and the degree approximation imposed 
limiting the number terms the series when calculating each the several 
characteristics. exact solution has not been reported. This situation has 
resulted certain differences published formulas for celerity, profile shape, 
and other characteristics. These differences have been only partially recon- 
ciled comparison with experimental evidence. 
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The most important results this field are attributed Boussinesq,’ 
Lord and Rayleigh and Boussinesq employed 
first approximation using only few terms establish expressions for the 
various characteristics. McCowan discussed solutions higher approxi- 
mation with significant difference from the previous results that the expres- 
sions for particle motion are more reasonable. the excellent summary 
Mr. the results Boussinesq and Mr. McCowan were employed. 
From time time, improvements the theory have been suggested. Thus, 
proposed expression for celerity carried higher approxima- 
tion, and Joseph Keller™ published method analysis which the degree 
approximation was more easily established and more easily extended, 
desired. Garbis Keulegan and George have reviewed the theory 
detail and Mr. has discussed the effect friction damping. 

This paper will summarize the most important the theoretical principles 
and comment their agreement with experimental results. For experimental 
confirmation, theoretical investigators have relied primarily upon the initial 
measurements Mr. Russell and other measurements made short time later 
Generally this confirmation was restricted the expression for 
celerity, the empirical form which was similar that obtained Boussinesq 
and Rayleigh. The renewal interest the solitary wave has led re- 
examination its characteristics the laboratory regard agreement with 
theory and the effects friction. Results program research the Hy- 
drodynamics Laboratory MIT will used this paper for comparison 
with the theory. 

The laboratory program MIT included measurements celerity, wave 
form, particle motion, and the effects channel surface friction both 
horizontal and shoaling channels. However, data used for illustrations the 
following sections include only measurements celerity and profile shapes with 
horizontal bottom. These experiments were made transparent walled 
channel 16.5 in. wide and long. Waves were generated plunger that 
displaced certain definite volume liquid cause the solitary elevated wave. 
The wave initially generated very close the solitary form, and, after 
travel about ft, ceases deform perceptibly, apparently reaching its 
final stable form. Celerity measurements are then made timing the passage 
the crest between two stations. The corresponding wave profile obtained 
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photographically. These preliminary measurements show considerable scatter 
that caused lack precision making these measurements rather than 
any systematic error. Thus, despite this experimental scatter, certain trends 
are indicatéd that are felt reliable enough justify discussion. 

Russell reported that the velocity wave propagation 
could expressed the relation 


which the celerity the wave, the acceleration gravity, the 
depth the undisturbed water, and the wave amplitude (elevation the 
crest above y:). Later, Boussinesq, Rayleigh, and Mr. McCowan each obtained 
this equation theoretically approximation,” previously mentioned. 
addition, Mr. pointed out that with slightly higher degrees 
approximation, there could obtained 


(3) 


Mr. Weinstein obtained, different method, the same equation carried 
higher degree approximation 


This equation intended apply for ratios less than 0.2 whereas 
such limit was specified for the previous equations. Eq. indicated linear 
relation between and the depth liquid the wave crest, while Eqs. 
and each give increasingly large departures from the linear relation, the 
ratio increases. 

results the early experiments Mr. Bazin well those Mr. 
Russell supported Eq. within error about 1%. The results the 
measurements MIT are shown Fig. Fig. observed celerities 
series measurements are compared with the celerities given Eq. 
This comparison indicates that the observed celerities are slightly less than the 
theoretical celerities. The total mass this MIT data tends substantiate 
this indication, shown the center gravity the band points Fig. 
2(b). None the Eqs. appears follow exactly the trend experi- 
mental data although for values than 0.2 these equations each pro- 
vide corrections the right direction. For values the term above 0.2 all the 
equations indicate increasingly large deviations from the measured values. 
For the full range amplitude the point breaking (important surf 
problems), Eq. possibly with correction about 0.5%, remains the best 
expression for the celerity. 
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Surface Profile—The second report Mr. contained traces 
surface profiles that were described curve versed sines. All theoretical 
solutions have indicated that the profile should described hyperbolic 
secant curve. Mr. McCowan gave the solution 


which the surface elevation above water level, 
amplitude described, the horizontal distance measured from the crest 


Profile 142 


EXPERIMENTAL AND THEORETICAL PROFILES 


position, and expression that depends the type solution and degree 
approximation. This value has been determined various investigators, 
follows: 


Investigator Value 
1 


100 
0.080 
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With each successive modification, the steepness the wave front varies down- 
ward from the steepest form given ‘This the 
between the plotted Boussinesq and Rayleigh equations 

Actual waves should expected differ from these theoretical profiles 
that the elevated surface will extend for only finite distance from the crest. 
Practically, the degree agreement near the crest more important since the 
wave volume and energy are primarily concentrated there. Fig. gives indi- 


0.8 Curve Sech? for Profile 142 


1.0 0.8 0.6 0.4 0.2 0.2 0.4 0.6 0.8 
Values 


4.—CoMPARISON EXPERIMENTAL WAVE PROFILES WITH CURVE 


cation the correctness the hyperbolic secant function describing the pro- 
file. this figure plotted versus which the horizontal dis- 
tance the place where n/a The solid curve represents the equation 


n/a sech? (1.444 


that for n/a 0.2. The 


values calculated are within about the measured values. 
Actually, the experimental data show tendency towards slightly flatter wave 
crest with steeper fronts, but felt that the precision preliminary 
measurements makes this observation inconclusive. 


The characteristics the experimental profiles Figs. are given 
Table 


TABLE EXPERIMENTAL WAVE PROFILES 


Distance 


Profile number Depth feet Amplitude feet Ratio 0.2 

eet 
(1) (2) (3) (4) (5) 

280 0.4311 0.0992 0.230 1.505 

0.4409 0.0804 0.180 1.653 

142 0.3766 .0604 0.160 1.487 

112 0.4377 0.0503 0.115 1.925 

119 0.4367 0.0351 0.080 1.940 


Fig. the same data are compared with the Boussinesq and the Ray- 
leigh theoretical profiles. Substantial agreement with the Boussinesq form 
obtained. The Rayleigh profiles fall ouside the range covered scatter and 
other deviations the measured data. These curves cover the range values 
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the ratio below evidence indicate that higher ratios 
the actual profiles may more peaked than the Boussinesq relation 
would indicate. The traces obtained Mr. Russell showed this some 
instances and occasional profiles published subsequently, such those 
have indicated the same characteristics. the exact devia- 
tion not yet established that the continued use the simpler Boussinesq 
equation seems justified. 

the laboratory there always some whether the generated 
waves have attained final permanent form postulated developing the 
theory. First, the wave form approaches the permanent form, the deforma- 
tion rate becomes very slow the wave may possibly oscillate about the 
permanent Second, friction will cause continual attenuation even 
after the stable form attained. Fortunately, the oscillating stage, the 
profile cannot change markedly, and frictional damping ultimately should 
eliminate the oscillations. Before this occurs, the rate change shape 
quite perceptible. Consequently, the rate loss amplitude near that 
expected from friction, the wave has probably reached its final form. This was 
the basis for considering the profiles Figs. and representative the 
true permanent form the solitary wave. 

Wave Volume.—Using the Boussinesq profile, the volume the elevated 


and the total volume 


AQ. 
will noted that the fractional volume function n/a. For the 


Particle solution determined Mr. McCowan for the 
horizontal and vertical components the local liquid velocities induced the 
wave’s passage are given Mr. Munk the form 


(10) 
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which and are the horizontal and vertical components the velocity, 
and the parameters, and are functions the ratio (Fig. according 
the equations 


1.0 


Values Parameters and 


0.2 0.4 0.6 
Relative Wave Height 


Typical diagrams showing particle motion are given Fig. which has been 
adapted from chart prepared Mr. Munk. Study shows that these equa- 
tions describe the observed characteristics the particles that are set motion 
the oncoming wave and accelerated forward and upward until the instant 


passage they are their maximum elevation and are all moving hori- 


zontally, each with its maximum velocity. The earlier solutions Boussinesq 
were inaccurate the extent indicating finite vertical (downward) velocities 
beneath the crest. 

After the crest passes, the particles gradually return rest their original 
elevation but displaced the direction motion certain amount, the 
surface liquid being displaced farther than the bottom liquid. The average 
value this horizontal displacement (or mass transport) 


These particle motions and displacements have been confirmed only 
qualitatively. Mr. Russell approximated the orbits particles curve 
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versed sines, did the surface profile. The velocities are low, and the mo- 
tions short duration, making measurements difficult. Since these internal 
motions are important the discussion sediment transportation and 
other phenomena associated with shoreward transport, return flow and drift 
the surf, more exact verification likely required. 


(a) 0.20 


0.2 


Lines Equal Vertical Velocity, 


0.4 
0.2 
1.6 2.4 3.2 3.6 4.0 5.2 


Wave potential and kinetic energies the elevated wave are 


approximately equal." Therefore, the energy per unit length crest 
the liquid contained between and becomes 


0 


which the subscripts and denote potential and kinetic, respectively, and 
the density the liquid. Using Eqs. and 6a, 


and the total energy (and hence the work necessary generate the wave) 


observed for the fractional volume, the fractional energy function 


(and turn and a). For 0.19, the fractional energy 
0.99 compared with 0.90 for the fractional volume within the same limits. 
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Ninety percent the energy contained within the limits described 
n/a 0.46. 

The Limiting should noted that limit exists the amount 
energy that can propagated with solitary wave, since liquid given 
depth the wave will break certain maximum height. This limiting 
height can approximated theoretically using the criterion that the liquid 
particle the crest cannot travel faster than the wave itself. Thus, foru 
Mr. found the maximum wave represented 


For this condition, the theoretical wave crest has cusped apex with 120° 
central angle. Messrs. Keulegan and Patterson, using the same criterion, 
obtained value 0.73 for the equation. experiments Mr. Russell 
indicated that actual breaking should occur when the relative height the 
neighborhood unity. All observers since have indicated value near 0.75. 

Damping Through Friction.—Since actual waves are subject gradual damp- 
ing through friction, the permanent wave attainable only the sense that 
assumes some characteristic shape. Its amplitude continually decreases. 
Mr. has calculated the rate change amplitude through viscous 
energy dissipation the solid boundaries rectangular channels, obtaining 
the expression 


which the kinematic viscosity the liquid and the distance traveled 
wave rectangular channel width the wave amplitude changes 
Fora wide channel two-dimensional case this equation reduces 


Using values temperature (and hence viscosity) estimated from weather 
records, the original attenuation data compiled Mr. Russell checks Eq. 18. 
These measurements were made allowing the waves undergo repeated 
reflections from the plane ends 20-ft laboratory channel until the length 
travel was several hundred feet. Negligible loss during reflection assumed. 
This the most extensive data available for substantiating results. 


CONCLUSIONS 


The extensive measurements Mr. Russell well further experiments 
have reasonably well verified the Boussinesq-Rayleigh celerity equation. The 
profile appears agree best with experimental results but the sup- 
porting evidence not extensive. Efforts are underway obtain more refined 
profile measurements, but major differences from the present conclusions are not 
expected. The expressions derived Mr. McCowan for internal motions are 


the Highest Wave Permanent Type,” McGowan, The London, Edinburgh, and Dublin 
Philosophical Magazine and Journal Science, Vol. 38, 1894, 351. 
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yet verified and should given attention, particularly view their 
application sediment transportation problems. Data damping should 
also verified and extended. 

The actual need for precise verification theoretical wave motions may 
questioned since natural waves seldom, ever, conform exactly the pure 
waves discussed theoretically investigated the laboratory. However, 
experimental verification fixing knowledge the phenomenon will establish 
the reasonableness the calculating procedures and approximations employed. 

All the results discussed are for waves water constant depth. 
application problems involving shoaling water, assumed that the 
characteristics particular still water depth are the same the sloping 
horizontal bottom and that transformations take place approximately 
with the conservation energy. The investigation these 
premises important. Strangely enough, the work done Mr. Russell also 
included few measurements sloping channel. previously noted, his 
observations regarding the breaking height have been modified later 
observers, suggesting the desirability checking and extending his results. 
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